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ABSTRACT

A module M over an associative ring R with unity is a QTAG-module if every finitely generated submodule of any homomorphicimage of M is a direct sum of
universal modules. In this paper, we investigate the class of QTAG-modules having nice basis. It is proved that if H_0 (M) is bounded then M has a bounded nice
basis and if H_ (M) is a direct sum of uniserial modules, then M has a nice basis. We also proved that if M is any QTAG-module, then MEDD has a nice basis,

where D is the h-divisible hull of H_ (M).
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1. Introduction

Many concepts for group like purity, projectivity, injectivity, height
etc. have been generalized for modules. To obtain results of groups
which are not true for modules either conditions have been applied
on modules or upon the underlying rings. We imposed the condition
on modules that every finitely generated submodule of any
homomorphic image of the module is a direct sum of uniserial
modules while the rings are associative with unity. After these
conditions many elegant results of groups can be proved for QT AG -
modules which are not true in general. Many results of this paper are
the generalization of the papers by Danchev (2007) and Danchev and
Keef (2011a).

The study of QT AG-modules was initiated by Singh (1979). Mehdi
(1984), Mehdi (1985), and Mehdi er a/. (2005) worked a lot on these
modules. They studied different notions and structures of QT AG-
modules and developed of theory of these modules by introducing
several notions, inves[igated some interesting properties and
characterized them. Yet there is much to explore.

In this paper, we shall deal with the modules with a nice basis i.e., the
modules which have special representation in terms of certain nice
submodules. This class of modules is very large. Our main aim of this
paper is to generalize the concept of nice basis of QT AG-modules
and discuss several results of modules having nice basis. For the
detailed literature on nice basis of groups one can go through the
following papers: Danchev (2005), Danchev (2007), Danchev and
Keef (2011a) and Danchev and Keef (2011b).

2. Preliminaries

All the ringsR considered here are associative with unity and right
modules M are unital QT AG -modules. An element X € M is
uniform, if XR is a non-zero uniform (hence uniserial) module and
for any R -module with a unique decomposition series, d (M)
denotes its decomposition length. For a uniform element X € M,

e(x) =d(xR) and Hy(x) = sup {d (%) |y €M,
X € yR and y uniform  are the exponent and height of X in

M, respectively. Hk (M) denotes the submodule of M generated
by the elements of height at least kand Hk(M) is the submodule
of M generated by the elements of exponents at most k (Khan,
1978). H,, (M) denotes the first Ulm-submodule of a module M
consisting of all elements of infinite height and Hy,p (M) =
H,(H,(M)). M is the h -divisible if M =M" =
ﬂ;f’:o Hk (M) and it is R-reduced if it does not contain any h-
divisible submodule. In other words, it is free from the elements of
infinite height. A submodule N & M may not be h-divisible in M but
if itis contained in some h-divisible submodule K € M, then it is said
to be semi h-divisible and the minimal h-divisible submodule K of M
containing N is said to be the h-divisible hull of N.

A QT AG-module M is said to be separable, if Mt = 0.Amodule
M is said to be bounded, if there exists an integer M such that
H(x) < 7N for every uniform element X € M (Singh,1979). A
submodule Nof a QTAG-module M is a nice, if for every ordinal
0, there exists an elementX, € Na+1/Na which is proper with
respect to N (Mehdi er af, 2006). A family of nice submodules
IV of submodules of M is called nice system in M if
0 0€ N;
(i) 1 {N;}iejisanysubsetof N',then Y, N; € IV
(i Givenany N € NN and any countable subset X of M, there
exist K € containing N UX, such that K/N is
countably generated.
A h-reduced QT AG-module M is called totally projective if it has a
nice system. Let M be a QTAG- module. It defines a well ordered

0 1 2 T
sequence of submodules M=M DM DM D..DOM =0, for some

1 ot1 o1 o
ordinal T. Here M = Ugep HK(M), M~ = (M) and M

:ﬂp<o- MP ,if O is a limit ordinal. Mc is said to be the O-th Ulm
submodule of M.

Several results which hold for TAG -modules also hold good for
QTAG -modules (Singh, 1979). Notations and terminology are
follows from (Fuchs, 1970 and 1973).
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3. Main Results

The concept of nice basis for the groups was introduced by Danchev
(2005) using nice subgroups. Motivated by this, we generalize this
concept to nice basis of QT AG-modules as follows:

Definition 3.1: A QT AG-modules M has a nice basis if it can be
expressed as M = Uycqy My, My, & My,; € M and each M, is nice in M
and a direct sum of uniserial modules.

Remark 3.2: If each M, is bounded then M has a bounded nice
basis.

Let us start with a useful result:

Propositions 3.3: Let N be a submodule of M such that
H,(N) = H,(M).if M has a (bounded) nice basis, then N

also has a (bounded) nice basis.

Proof: Let { M}, }1,<(, be the (bounded) nice basis of M.Now M =
Uk<w My . My, € My,q and every My is a (bounded) nice
basis of M, which is a direct sum of uniserial modules. Now N =
Uk<w (M N N) and all the intersections are (bounded) and the
direct sums of uniserial modules. For a limit ordinal 0,

Npso (M O N) + Hp(N)2 S Npeo (M + H,(M)) 0 N = (M, +

H (M) NN = (M, + H,(N) "N =H,(N + (M, N)

and the result follows:

Corollary 3.4: A direct summand of a module M with a (bounded)
nice basis and a separable complement also has a (bounded) nice
basis.

Proof: Let N be a direct summand of M, with a separable

complement K. Now M =K @ N. Since Hw(K) =
0,H, (M) =H, (N) and by Proposition 3.3, N has a
(bounded) nice basis.

Propositions 3.5: Let N be nice submodule of M such thatM/N
has a bounded nice basis. Then

() 1N isbounded, then M has a bounded nice basis;
(i) 1 N is a direct sum of uniserial modules, then M has a nice
basis.

Proof: We may express M/N = Uk<a) (MR/N) where
M, © My ,1 © M, My /N is nice in M /N and it is bounded.
Now by (Mehdi, er al, 2005) Mk is nice in M. Since N is bounded
Mk must be bounded and (l) follows.

Again Mk/N is bounded by (Singh, 1979), Mk is a direct sum of
uniserial modules. Now, M = Uk<w Mk and (ii) follows:

Remark 3.6: Since H; (M) is nice in M for every ordinal g, if
M /H ;(M) has abounded nice basis and H (M) is a direct sum of

uniserial modules, then M has a nice basis.

Remark 3.7: If M /H ;(M) has a bounded nice basis and H (M)
is bounded then M has a bounded nice basis. Here T is any ordinal
number. Also, if M has a bounded nice basis, then HO-(M) and
M /H ;(M) have bounded nice bases.

Remark 3.8 If the lengthof M & < w. 2,ie, @ = B + w for
some ordinal § and M/H[g(M) has a bounded nice basis, then M

has a bounded nice basis.

Proposition 3.9: If H,,(M) is a direct sum of uniserial modules, then
M has anice basis. If H,, (M) is bounded too then M has abounded

nice basis.

Proof: Since M /H (M) is separable, it has a bounded nice basis
by Remark 3.8. We may express M /H ,,(M) as U <, HE M/
H, (M)). Again H¥ (M/Hw (M))= Mk/Hw (M) for some
modules M}, such that M, © Mp,; ©€ M and
Hk(Mk )gHw(M) .Thus M = Uk<w Mk and Hk(Mk ) is

a direct sum of uniserial modules, M}, is also a direct sum of
uniserial modules (Singh, 1979). Since Mk/Hw(M): Hk(M/
H,, (M)) is nice in M/Hw(M) and H, (M) is nice in M by
(Mehdi, er a/ 2005) every M, is nice in M and the result follows.
Proposition 3.10: Let & be an ordinal such that M /H , (M) is
countably generated and H 5 (M) has a (bounded) nice basis. Then
M has a (bounded) nice basis.
Proof: Let M/Hy (M) = Ugcq HE (M/H, (M)) where
M, SM,,1S M and My, /Hy (M) are finitely generated for
everyk € Zt NowM = Usk<e My and for every k, My, =
H o, (M) +T}, where Ty, are finitely generated and T ST 41 -
Again

Ha(M) = Uk<me '
NLEN, 1EH,(M), suchthat
N, are nice in Hy (M) and M and Ny, are (bounded) direct sums of
uniserial modules. Now M = U<, (N, + Ty ) where N, + T, are

nice in M, and are (bounded) direct sums of uniserial modules (Singh,
1979) and the result follows.

The following result is an immediate consequence of Proposition
3.10:

Corollary 3.11: If the length of the module M isless than w. 2 and
M /H (M) is countably generated then M has a bounded nice
basis.

Proposition 3.12: If M is a module such that H,,, (M) is countably
generated, then M isthe union of a countable ascending chain tower
of nice direct sums of countably generated modules.

Proof: Since the separable modules have a bounded nice basis
M/Ho (M) = Upco(Mic/Hy (M)) where Mic/Hy (M) € Micys /H,, (M)
are nice submodules of M/Hw (M) and they are bounded such
that H, (Mk) cH, (M) Now M},’s are nice in M and they are
direct sums of countably generated modulesand M = U<y My
,the result follows.

Following is the immediate consequence of the above propositions:
Corollary 3.13: If M is a QT AG -module of length at most
w. 2 such that H, (M) is countably generated, then M has a
nice basis.

Proposition 3.14: Direct sums of modules with a bounded nice basis
have bounded nice basis.

Proof: Let M be a QT AG-module such that M = i(gMi , where
each M; has abounded nice basis. Let M; = Uj<w{Ml-j},where
Mij c Mij+1’ all Mij are bounded by J and Mij's are nice in
Mi~ Therefore,

M= <U Mi/‘) = U(@MU) = UP/‘

é;w j<w j<w
where each P] = iel Mij . Now P] c Pj+1 cM ,
H](P]) = Oande is nicein M.
Now, we will see the behaviour of a QTAG—module which contains

a submodule with a nice basis under the action of a countable

extension of quotients.

Proposition 3.15: Suppose M=Nis countably generated, where
N is a balanced submodule of a QT AG -module M . If N has a
(bounded) nice basis, then M has (bounded) nice basis.

Proof: Since we can write M = (N + M)/N, (Fuchs,1970) the
proof follows from Proposition 3.14.

AfullyinvariantsubmoduIeL of M is IargeinM fL+B = M,
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for every basic submodule B of M (Sikander er al, 2017). Now, we

have the following result:

Corollary 3.16: Let L be any large submodule of a QT AG-module
M . Then L has a (bounded) nice basis if M has a (bounded) nice

basis.

Proof: Since Hw(M) = Ha) (L) (Sikander er al, 2017)., the

result follows immediately in view of Proposition 3.3.

We will try to explore the possibility that whether to have a nice basis
can be invariantly retrieved under the action of bounded quotients.
Theorem 3.17: Let M be a QT AG -module with a submodule N
such that M = N is bounded. Then M has a bounded nice basis if
and only if N has a bounded nice basis.

Proof: Since Hm(M) C N for some m € Z+,Hw(M) =
H(u (N) and by Proposition 3.1, N has a bounded nice basis. For
the converse, suppose N has a bounded nice basis {Pn}n<w .Now
N = Un<w Pn , Pn c Pn+1 and forevery 1l >1, Pn is nice
in N which is a direct sum of uniserial modules. Therefore,
Hyy(M) = Uncw(Py N Hyp(M)) , where PN
H,(M) € P,.1 N H,(M) . Since B, NH,p, (M) are
submodules Pn,S of they are bounded and the direct sum of
uniserial modules.

On the other hand, for every limitordinal 0,

[+t =[] @+ H0m0)

p<ao psp<c

< ()b + Ho ) = B+ Ho V)
P =P+ Hy(M)

Since Pn are nice in M; all Pn N Hm (M) are nice in Hm (M)
We infer that Hm(M) has a bounded nice basis, therefore by
Proposition 3.9, M has a bounded nice basis as required.
For any QTAG-moduIe M, g(M) denotes the smallest cardinal
number A such that M admits a generating set X of uniform
elements of cardinality A e, #(X) = A (Mehran and Singh,
1986). Any QTAG -module M = K @ D , where D is h-
divisible and K is h-reduced. M has a nice basis if the A-reduced
part K has a nice basis. Here we show that if M isa QT AG-module
and D isa h-divisible module such thatg(D) = g(Hw (M))
then M @ D must have a nice basis. We define Bg(M) as the
cardinality of the minimal generating set of a h-divisible module D

such that M @ D has a nice basis and we find that Bg (M) <

g(H,(M)).
Theorem 3.18: Let M be a QT AG-module and D, the h-divisible
hull owa(M).Then M @ D has a nice basis.

Proof: Suppose M = M' @ D', where M is h-reduced and D’
is h-divisible. 1If D" is the h-divisible hull for H,, (M"), then
we may put D = D' @ D" and assume that M is h-reduced.
Suppose H, (M) is finitely generated. Now consider the inclusion
map f1:Hy(M) = D is injective and the identity map
fai:Hy(M) = Hy(M) . 1f Hyy(M) is infinitely generated,
then we may define K as the external direct sum inEHw M) xiR.
Nowg(K) = g(Ho(M)) = g(D).

Therefore, we may define the embedding f1:K—> D
and fZ:K%Hw(M). n M@D , we pu K' =

{(fz(x),x|x€K}andD" ={(0,y)ly €D }.
Now (K' + D")/K' = (H,(M) @ D)/K' is a h-divisible
submodule of(M &b D)/K’ so that
M@D _ (Hy(M)®D) P
K1 K1 ® Kr'

where P isasubmodule of M €@ D containing K' such that

P (M®D)/K' _ M®D _ M

k'~ (H,(M)® D)/K' ~ H,(M) ® D) ~ H, (M)
fn<aw,let Pn be the submodule of P containing K' such that
(Pn/K’) = Hn(M/Hw(M))‘ We may define @, = B, +
H" (D’). We have to show that {Qn}n<w forms a nice basis for
M @D . since P, € Pyyq and H*(D') € H™1(D"),
Qn =B, +H"(D') € Ppyq + Hn+1(DI) = Qn+
and the first condition is satisfied. Now the map X — (fz (lx)l, x)
extends to an isomorphism and K=K = QO- fn > 0;then
H,(B) < K’ and H,(D") =0 so that H,(Q,) €K .
Since K" is a direct sum of uniserial modules so is H, (Qn) and
On.
It remains to show that U Q,, = M @ D and each Qs nice in
M @ D. Using the above mentioned isomorphisms, we conclude
that

IR

M@®D _(H,M)®D) M

K K H,(M)

Qn HP (DN)®K n( M .
The submodule 3* is mapped onto (e g g (wa)) . NSImce
D' = Upey, H* (D), Hy(M)® D = D' + K’ and —_

M
Uneco H® (m , we have

equations imply that

M®D = Uy, @, - These two

M®D _(M@D)/K'

Qn Qn/K'
_(H,(M)® D M/H, (M)
= (H"(D’) + K’) <H"(M/Hw(M))>
_({ DK M
= (H"(D’) + 1«) © Hy (Hw(M))'
D'@®k’

Now any element of is represented by an X € D',

H"(D")+K'
which is A-divisible, hence  H(x) = 00,0 X is proper in this

M
coset. f x € Hy, (H—(M)) such that H(x) is finite, then such a
w

coset always has a proper element. Therefore, Qn is nice and

{Qn}n<w is a nice basis.
Following is the immediate consequence of the above theorem:

Corollary 3.19: Any QT AG-module M is a direct summand of a
QT AG-module with a nice basis.

Proposition 3.20: Let M, D be QT AG-modules such that D is h-
divisible andg(D) is finite. Then M @ D has a nice basis if and
only if M has anice basis.

Proof: If M has a nice basis, then M @ D has a nice basis. For the
converse, suppose M @ D has a nice basis {Pn}n<w~ We may
expressM = MO ) Do,where MO is R-reduced and DO is h-
divisible. Ifg(DO) is infinite, then M @ D = M, ) Dy &b
D =M, &b Do = M, and the result follows.

Otherwise, ifg(DO) is finite, then we shall prove that MO has a

nice basis. Replacing M by MO and D by DO @D D we may
assume that M is A -reduced. If D' = {0} @D, then D' =

Hw(M &) D) and Qn = (Pn
+D’)/D’is nice in (M <>) D)/D’ = M. since Upe By =
M @D D, we have Un<w Qn = (M <) D)/D’ =M.
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Now for each 1 < @); there exists an isomorphism Py, /(P N
D" - (B, + D")/D" = Q,, Since g(D") is finite, hence
Pn N D’ must be a direct sum of uniserial modules and Pn NDis
finitely generated. Therefore, Qn is a direct sum of uniserial modules

and {Qn}n<w is a nice basis for M.

Corollary 3.21: If M isa QT AG-module, then Bg (M) is either 0
and M has a nice basis or B (M) is an infinite ordinal such that
B (M) < g(Ha) (M)) then M does not have a nice basis.

ProofB (M) =0 if and only if M has a nice basis. If M does not
have a nice basis then by Proposition 3.8, B (M) is not finite. Thus,
by Theorem 3.18, B M) < g(Hw(M))
Proposition 3.22: For a QT AG-module M the following holds:

(0] IfK is a separable QT AG -module, then B MBK)=

(ii) If% is a h divisible module, then then B M@ D)iso,if
g(D) = By(M)or B,(M) it g(D)'< By(M).

@iy D is h d|V|S|b|e such that g(D) is finite, then B (M o)
D) = B,(M).

(iv) Forany ordlnal O',B (H,(M) < B (M).

v) If M/H (M) is a direct sum of unlserlal modules, then

(M ) = By(H, (M)).

i) 1fH, (M) has a nice basis and M /H, (M) is a direct sum

ofumserlal modules, thenB M = B (H (M)) = 0.

Proof: (l) If D is a h-divisible module then by Proposition 3.6,

M @ D has a nice basis if and only if M @ K @D D has a nice
basis. Therefore B, (M &b K) = B (M)

(ll) Ifg(D) > B (M) then M @ D has a nice basis so that
(M éD) = 0 Otherwise |fg(D) <B (M) then for
any h -divisible module D',M @ D &P D' "' =MD (D &b
D") has a nice basis if and only if g(D @ D") = g(D) +
(D )= B (M) |fandon|y|fg(D )= B (M), if and only
|fM @D hasamce basis and the result follows
(ii1) is a direct consequence of (i), where Bg(M), is 0 or
infinite.
(iv) Let {Pn}n<w be a nice basis for M @ D, then {Pn N
H,(M & D)} n<w is a nice basis for Hy(M @ D) =
H,(M)® D
(v) we haveB (H,(M)) < B (M). On the other hand if D
isah d|V|5|b|e module such that g(D) = B (M), then
H,(M)@® D = H,(M @ D) hasanice ba5|s Since A?S;D)
is a direct sum of uniserial modules and Hw(M®D) has a nice
basis as (M@D) has a nice basis, so that B (M) <
Bg (H, (M)) and we are done.

(vi)ifH (M) is a direct sum of uniserial modules, then M and
H (M)) both have nice bases and B (M) =0 =
B, g (He (M)).
Proposition 3.23: If M and M’ are QTAG -modules, then
By;(M®M') < By(M) + B, (M").
Proof: Let D and D' be h- divisible modules such that g(D) =
B, (M), g(D') = By(M"). Then,

(MM )®(D@D') = (M®D)D(M'®D").
Since M@®D and M’@D’ have nice basis, their direct sum has a

nice basis.

The behavior of bounded nice basis is different from that of nice basis.
This can be seen as follows:

Theorem 3.24: Let M be a h-reduced module and Dis a h-divisible
module. Then M has a bounded nice basis if and only if ME@®D has

a bounded nice basis.

Proof: {Hn(D)}n<w forms a bounded nice basis for a A-divisible
module D. Since direct sums of modules with bounded nice basis,
the necessity is done and we may consider that M @D D has a
bounded nice basis {Qn}n<w . If D'= {0}@1) =
Hw(M®D) and Pn = (Qn + D’)/D’, then Pn is nice in
(M@D’)/D’ = M. Moreover, P, = Q,,/(Q;; N D") must
be bounded. Therefore, it is a direct sum of uniserial modules. Since
M®D is the union of the ascending chain of modules Qn‘
(M@D’)/D’ = M is the union of the of the ascending chain of
submodules Pn~ Therefore, M has a bounded nice basis.

4. Discussion
We end this article with the following observation:

Suppose M is h-reduced module that does not have a nice basis. If
D is a h -divisible module such that g(D) = Bg(M), then
M@D has a nice basis. On the other hand, if M does not have a
bounded nice basis, by Theorem 3.24, M@D does not have a
bounded nice basis. This means that there are QT' A G-modules with
a nice basis which do not have bounded nice basis.
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